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where D, is the ambipolar diffusion coefficient and m =
C, = C;.* Since D; < D,, the last term is negligible; the
diffusion is still ambipolar, reduced by the magnetic field.

Summarizing, from order-of-magnitude arguments, it is
concluded that if the probe current is limited by the ambipolar
region, it is reduced by the applied magnetic field. If it is
limited by the mobility region, it may have values close to
those of the nonmagnetic case. The transition from one mode
to the other depends certainly on the thickness of the viscous
boundary layer, in a way fitting to the results of Wilson and
Turcott. The critical current density certainly will be re-
duced when the magnetic field is strengthened as it is shown
by their results.

One must have noticed that only order-of-magnitude re-
sults have been presented. However, all these indicate that
in analyzing a performance of an electrostatic probe in an
applied magnetic field, one has to include both its viscous and
magnetogasdynamic boundary layers.

References

L Wilson, D. 8. and Turcott, D. L., “Electrical resistance and
sheath potential of a cold electrode in a shock tube with an applied
magnetic field,”” Proceedings of the 5th Symposium on Engineering
Aspects of MHD (Massachusetts Institute of Technology, Cam-
bridge, Mass., 1964), pp. 149-160.

? Yen, J. T., “Magnetoplasmadynamic channel flow and energy
conversion with hall currents,”” Phys. Fluids 7, 723-729 (1964).

3 Su, C. H., “Compressible plasma flow over a biased body,”’
Fluid Mechanics Lab. Rept., Massachusetts Institute of Tech-
nology (1964).

¢ Chung, P. M., “Electrical characteristics of Couette and stag-
nation boundary-layer flows of weakly ionized gases,”” Phys.
Fluids 7, 110-120 (1964).

5 Cowling, T. G., Magnetohydrodynamics (Interscience Pub-
lishers Inc., New York, 1957).

Resolution of the 90° Euler Angle
Singularity

CarL GRUBIN®
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Introduction

WELL-KNOWN peculiarity in the Euler angle repre-
sentation of the attitude of a rigid body is the apparent
infinity in the derivatives of the first and third angles when the
second angle is 90°.  Since there is no real physical difficulty
at this point, it should be possible to resolve the mathematical
difficulties. In this note we will develop a set of derivative
equations for the 90° region that is singularity free.

Analysis

Let zyz denote a set of Cartesian axes imbedded in a rigid
body, and let pgr denote the components along zyz of the
body’s angular velocity vector with respect to space. The
attitude of xyz with respect to space is specified in terms of an
Euler angle set «, 3, and vy taken in that order around suc-
cessive positions of 2, y, and 2. In the zero position, o =
B = v = 0, zyz is coincident with some spatial frame XY Z.
The problem is the usual one of determining «, 8, and 7y
given p, ¢, and r as prescribed functions of time.t
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t In the classical Euler angle scheme the first and third rota-
tions are taken around the same body axis,! whereas here one ro-
tation is taken around each body axis. However, the present
scheme is used more widely in engineering analysis, and the
angles are still usually referred to as Euler angles. We are fol-
lowing this convention.
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The equations relating p, ¢, » and the Euler angle deriva-
tives are

& cosB cosy + B siny

¢ = —dcosB siny + B cosy )
r = &sinf + vy
Solving for the derivatives
& = (1/cosB)(p cosy — ¢ siny) (2a)
B = psiny + g cosy (2b)
v = r — (sinB/cosB) (p cosy — ¢ siny) (2¢)

Equations (2) show that & and v are apparently infinite
when 8 = 90°, although 8 is well-defined. We now show that
& and «y are, in fact, not infinite but indeterminate, and then
we obtain their limiting values as 8 — 90°.

In Eqs. (1) set 8 = 90°. This yields

p=Bsin7 q=Bcosy
Combining the first two of Eqs. (3) yields

r=a+v @

p cosy — gsiny = 0 4)

Equation (4) is the key relation for it shows that the
numerators, as well as the denominators in Eqs. (2a) and (2¢)
are zero at 8 = 90°, so that & and vy are indeterminate.
Physically, the indeterminancy exists since the @ and + rota-
tion axes are in spatial coincidence, and & and vy cannot be
separated; all that is known, as shown by the last of Eqgs.
(3), is that their sum is r.

To obtain the limiting values as 8 — 90°, apply L’Hospi-
tal’s rule to Eqs. (2a) and (2¢). Since d/dB = (1/8)(d/db),
(1/B) cancels when taking the derivatives of numerators and
denominators, and we need only take d/df. The result is

limg[(()p cosy — ¢ siny)/cosB] =
p—>90°
lim [(sinB/cosB)(p cosy — g siny)] =
) B—>90°
— (I/B)[(® cosy — ¢siny) — (psiny + g cosy)y] =
(1/B) [~ cosy + ¢ siny + By] (5)

upon noting the expression for 8 from Eq. (2b).

Equation (5) shows that the limits which were taken to de-
termine & and y depend, in fact, on y itself. Now substitute
Eq. (5) into Eq. (2¢) and obtain

v =1+ (1/B)(@ cosy — ¢siny — B)
and solving for v
v = r/2 + (1/28)(® cosy — ¢ siny) (6a)

Now substitute for vy into Eq. (56) and the result into Eq. (2a)
to obtain &

& = 1/2 + (1/28)(—p cosy + g siny) (6b)

Equations (6a) and (6b) give the limiting values of & and v
as 8 — 90°. Simultaneous with these results, from Eq. (4),
tan ¥ = p/q so that

siny = p/(p? + ¢H)¥? cosy = % ¢/(p* 4+ ¢HV2 (1)
Substituting Eqgs. (7) into Eq. (2b)
B == (p2+ )" ®

and then combining Eqgs. (7) and (8) into Eqs. (6a) and (6b)
vields

& = %lr — (Bg — dp)/®* + 4?1
)
v = zlr + B9 — ¢0)/(p? + ¢9]
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We now summarize our results. Whenever § is within
some e neighborhood of 90° (e — 0), & and v are obtained from
Eqs. (6a) and (6b) or Egs. (9), and B is obtained from Eg.
(2b) or Eq. (8), where in the latter equation the =+ signs must
be distinguished according to whether 8 has been increasing
or decreasing in_its passage through 90°. Outside of this e
neighborhood &By are always given by Egs. (2).
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I. Introduction"

N impulsive guidance law defines an impulsive correction,
which will nullify the effects of position and velocity
errors along a trajectory while satisfying specified mission
constraints. Hxamples are fixed and variable arrival time
guidance laws.! By starting with a generalized linear expres-
sion for the constraints, a general solution can be obtalned to
the impulsive guidance problem.

The spemﬁcatlon of the nominal trajectory and the mlmal
position perturbation leaves three conditions to be deter-
mined to define a new trajectory and one condition to deter-
mine the terminal point. There are thus four constraints
that must be imposed (coplanar problems leave only three
constraints to be imposed). Two situations will be con-
sidered: the case of four independent constraints and the
case of minimizing a specified function while satisfying three
independent constraints,

II. Four Independent Constraints

Four independent scalar constraints can be imposed which
are functions of the perturbations in the initial (subseript )
and final (no subseript) state vectors and in the time of flight
(perturbations in other variables can be converted to pertur-
bations in time of flight).

ASR; + BoV; + CéR + D6V 4 Edt = [0] 1

where A, B, C, and D are 4 X 3 guidance constraint matrices,
E is a 4 X 1 guidance constraint vector, [0] is a null vector,
and 8V, is the velocity error after the correction 8V, has
been applied 8V, = 8V — 8Viniua). The final state error
is related to the. initial state error through the (partitioned)
time transition matrix P.f{

R = PiOR; + PV, + Vrat}

where V, and A4, are the differences in the velocity and accele-
ration between the nominal and target trajectories at the
terminal point. If there is no target trajectory, V., and 4,
become the velocity V., and acceleration A, of the nominal
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t The use of 8 as a variable and the corresponding use of the
time transition matrix is arbitrary. For example, range angle
and the corresponding angle transition matrix could have been
used.
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Inserting Eq. (2) into Eq. (1) results in
[A + CP, + DP;J6R; + [B + CP, +

DPoV; + [CV. + DA, + Elot = [0] (3)
Solving for 6V; and &¢,

oV
ot

where N and M are 4 X 4 and 4 X 3 matrices equal to
N = [B+ CP; 4+ DP,CV, + DA, + E] 5
M = [A + CP; + DP;] ®

Partitioning N 1M into a 3 X 3 matrix F and a 1 X 3 row
vector G results in the fundamental guidance matrix and the
corresponding time guidance vector

0V = FoR: 0t = GOR; (6)

where N 1M = [g:|

trajectory.

] N-'MsR; 4)

III. Three Independent Constraints and a Function to be
Minimized
In some cases it is desirable to minimize a quantity ¢ while
satisfying three independent scalar constraints. The quan-
tity @ can be generally expressed

Q = f(6V:, 6R, 8V, 80 (7

The perturbations in 6B and 8V can be expressed as functions
of 8V; and 6f using Eq. (2).

The three independent constraints can be expressed as in
Eq. (1) and combined with Eq. (2) to obtain [see Eq. (3)]

HOR; + KoV + Lét = [0] }
0V, = —K'H6R; — KLt

where H and K are 3 X 3 matrices, and L is a column vector.
Upon substituting Eq. (8) into Eq. (7), @ is obtained as a
function of 6. The derivative of @ with respect to 6t defines
the value of 8¢ which minimizes @. If this derivative fails to
yield a value for 8, no linear solution exists.

Frequently, the magnitude of a vector is to be minimized,
and the solution is known to exist. In this case, it is more
convenient to differentiate the quantity before carrying out
the previously mentioned substitutions. Differentiating @
with respect to &t results in

w = 8[d(oV)/d@61)] + T[d(6R)/d(6)] +
Uld@v)y/d@nl (9)

where S, T, and U are row vectors, and w is a scalar.
Eq. (8) can be differentiated to obtain

AV /At = —K—L 10)

®

Using Eq. (2)
d(8R)/d(8t) = P,[d(8V:)/d(66)] + Vr}
d(6V)/d(6t) = P.d(8V:)/d(6t)] + A
Combining Egs. (9-11)
w=—8KL + T(—P,K'L +V,) +
U(—PK'L + 4,) (12)

The preceding equation can be directly solved for 6, which can
then be inserted into Eq. (9).

(11)

IV. Examples of Constraints

The following examples of independent constraints lead to
the coefficients in Eq. (1) by direct comparison:

1) Terminal position velocity (representing three inde-
pendent constraints)

R =0 13)



